For an efficient and economical design of a railway track system, it is necessary to understand the behavior of each track component with special reference to ballast and subgrade, which play a pivotal role in distributing the large, cyclic wheel loads longitudinally, laterally, and vertically away from the wheel contact area on the rail surface to the underlying soil strata. This paper presents an analytical model of a track-ballast-subgrade system with different formation soils such as dense uniform sand, stiff clay, loose sand, and soft clay modeled by using a mass-spring dashpot system with two degrees of freedom. This represents the varying energy distribution through ballast and subgrade in the vertical direction. Results are presented in the form of time-displacement response profiles for both the ballast and subgrade layers. In addition, the magnification factors for displacements with variation in subgrade soils for cyclic loading frequencies are reported. It is observed that the results obtained from the present analysis follow the experimentally observed trends already available in the literature.
Introduction
The importance of increased railway transportation by operating longer, heavier, and faster trains is blatantly clear with the rapid growth of production and management of material wealth, increase in population, current hike in fuel prices, and other socioeconomic factors. The track-foundation-soil system is one of the key factors, which needs urgent attention for the design of rail corridors with larger operating speed. The track system distributes the time-varying concentrated loads in vertical, horizontal, and lateral directions, away from the wheel contact area. A well designed, constructed, and maintained track will distribute the loads in a relatively uniform fashion, with each component supporting its share of the load without failure. Cyclic as well as the residual strains are developed in the foundation of a railway track system due to the application of cyclic load. The latter are the strains that remain at the end of each cycle of load and they represent a cumulative effect that must be added to the effect of previous strains.
Shahu et al. ͑2000͒ had developed a rational design method for the railroad track foundation by determining the formation thickness of a railroad track. The basis of the design method is to keep the induced maximum deviator stress on the subgrade due to the traffic loading below the threshold stress of the subgrade soil by providing a suitable formation thickness. The design method intends to achieve a stable deformation behavior of the subgrade soil under repeated loading, using the concept of limiting plastic deformation. The properties of the subgrade soil and the granular layers that are considered in this study, include resilient Young's modulus, threshold stress, and other properties of soil. Zhou and Gong ͑2001͒ proposed a tentative mathematical model to synthesize the influences of the cyclic stress ratio, overconsolidation ratio, and loading frequency on the strain. Strain degradation of the saturated clay under cyclic loading was studied from the point of view of the cyclic axial strain through stress controlled triaxial tests on normally consolidated clay of the city of Hangzhou in China. Degradation index was redefined by Zhou and Gong ͑2001͒. The mathematical model for strain degradation was verified by the experimental results. Suiker et al. ͑2005͒ conducted the static and cyclic triaxial tests of ballast and subballast materials ͑noncohesive and granular͒. The behavior of these track substructure materials under a large number of passing wheels was simulated by cyclic triaxial tests. The purpose of the static test was to identify the maximum stress level that could be applied in the cyclic tests, and to assess the change in strength and stiffness produced during the cyclic loading. Katzenbach and Ittershagen ͑2005͒ conducted field tests for soil improvement under railway lines placed on soft subgrade soil. Four different geometrical configurations of ground improvement patterns were installed in a 300 m long testing area in northern Germany. For ground improvement, lime-cement columns were constructed with a column diameter of 0.6 m. To evaluate the shear strength and stiffness of the soil columns, unconfined compression tests were performed in the laboratory before applying any soil improvement techniques. The results of these tests demonstrate that the oscillations in the soft soil and, therefore, the rate of long-term deformations of the railway track can be reduced when soil improvement is carried out. Li and Selig ͑1998͒ discussed about the development of a new design method for selecting the granular layer thickness below the track using parameters such as the static wheel load, train speed, and traffic tonnage. They had shown that the granular layer prevents the two most common railroad subgrade failures due to cyclic load, i.e., progressive shear failure and excessive plastic deformation. This failure can be prevented by providing a thick granular layer. Li and Selig ͑1998͒ had analyzed the sufficient granular layer thickness by acquiring required static wheel load and soil properties with the consideration of the subgrade failures, whereas Shahu et al. ͑2000͒ had obtained the granular layer thickness using the rational method and threshold stress concept. Takemiya and Bian ͑2005͒ had investigated the vibrations in rail track and ground induced by the train passes by the substructure method with due consideration to the dynamic interaction between an inhomogeneous track system comprising continuous rails and discrete sleepers, and the underlying viscoelastic layered half-space ground. The total system was divided into two separately formulated substructures, i.e., the track and ground. In view of the crucial roles of the discrete sleeper system under vibration and the underlying layered ground, Indraratna et al. ͑2005͒ studied the role of confining pressure on ballast degradation, and evaluated the optimum confining pressure in the track that would reduce particle breakage. A number of drained cyclic triaxial tests were conducted on Latite Basalt, which is commonly used on Sydney-Wollongong railway tracks. Takemiya and Bian ͑2005͒ considered the response simulation for a rail-track-sleeperground system under train passage. However, most of the methods proposed suffer from some limitations, such as the assumption of ideal drainage and oversimplifies boundary conditions. Some of them are limited to the field tests and they are incapable of predicting the track substructure behavior under dynamic loads. One of the major limitations of the model was the consideration of only a single layer. In this paper, an attempt is made to correct the above limitations by considering a multilayer substructure model under the track, which is considered to be more realistic.
Proposed Methodology
In this paper, the vertical dynamic behavior of both the ballast and subgrade layers ͑Fig. 1͒ is investigated using frequency domain and time zone analyses. To validate the current analytical model, previously published experimental and analytical data ͑Bowles 1996͒ with respect to stiffness, damping ratio, and other geotechnical properties for both the ballast and the subgrade are chosen. The present model has been compared with the Winkler's model ͑Bathurst and Kerr 1999͒ of an elastic foundation for ballast and subgrade, which is still used to investigate the stresses in the ballast and the subgrade. Another widely used single degree of freedom ͑SDOF͒ mass-spring-dashpot ͑MSD͒ model considered by Scott ͑1973͒ for retaining wall design also suffers from several limitations including the assumption of a simplified SDOF system. Overcoming this limitation, Choudhury and Chatterjee ͑2006͒ have proposed a two degrees of freedom ͑2-DOF͒ dynamic MSD model to calculate the dynamic earth pressures on a retaining wall. In this paper, a similar 2-DOF, MSD dynamic model is considered to study the behavior of the ballast and subgrade system beneath the track, which is scarce in the literature to date. In addition, as per the design specifications ͓for example, in India, RDSO ͑2003͒ guidelines are used͔ for the track-foundation system; it is clear that the widely varying material properties of ballast and subgrade must be modeled separately by using a 2-DOF system rather than a SDOF system, as was done by previous researchers. Hence, the selection of a 2-DOF system in the present analysis is well justified.
The cyclic load excites this dynamic model and the displacement is computed at each time of excitation. In track modeling, very limited studies have used a multilayer track substructure. In this paper, a multilayer substructure is considered and an attempt is made to compare the dynamic behavior of different layers, with the objective of understanding the behavior of substrata and to design an elastic foundation subjected to a cyclic load. An approach similar to the one followed by Bathurst and Kerr ͑1999͒, which basically uses the classical Timoshenko's theory of beams, has been adopted in the present study and the same is briefly discussed in the next few paragraphs.
The classical equation for bending of an elastic beam is given as
where E = Young's modulus of the rail; I = moment of inertia of the rail; kw͑x͒ = continuous distributed pressure exerted by the ties on the rail base, in which k = track modulus; and w͑x͒ = vertical deflection of the rail due to wheel load. This w͑x͒ is calculated as
where ␤ = a parameter ͱ 4 k / 4EI; and P = wheel load.
The force exerted by the tie on the ballast, denoted by F͑x͒ is calculated as
where S = spacing between two adjacent sleepers. An equivalent dynamic wheel load ͑P dl ͒ for a given static wheel load ͑P sl ͒ is calculated as per the American Railway Engineering Association ͑AREA 1996͒ approach and is given by
where V and D are train speed ͑in km/h͒ and wheel diameter ͑in m͒, respectively. For the Indian railway system, the static wheel load has been taken as 30 tonnes, velocity as 72 km/ h, and wheel diameter as 0.97 m ͓see RDSO ͑2003͔͒. 
Mathematical Model of Ballast and Subgrade
In order to investigate the dynamic response in the form of displacement with time, the system of the masses is excited by a vertical cyclic load. The ballast is assumed to be an elastic layer and the subgrade as an elastic half-space to make the 2-DOF approach more realistic compared to the existing SDOF models such as that proposed by Loizos et al. ͑2003͒.
The 2-DOF MSD model for the ballast and subgrade is shown in Fig. 2 . A schematic representation for the same was shown in Fig. 1 . The dimensions of the track foundation system have been chosen according to Indian standard for broad gauge ͑BG͒ track ͓see RDSO ͑2003͔͒. The load distribution is assumed to be uniform at the interface of the ballast and the subgrade layers, and the interface is considered purely frictional in nature, i.e., no slip condition. In the present 2-DOF MSD model, the motion of the masses is considered in the vertical direction only. Experimental and analytical data with respect to stiffness, damping ratio, and other geotechnical properties used in the present study have been taken from the available literature ͑Bowles 1996͒. The following differential equations can be derived by considering the dynamic equilibrium of the two masses m 1 and m 2 using an individual free body diagram and D'Alembert's principle ͕m 1 ẍ 1 ͑h 1 ,t͒ + c 1 ẋ 1 ͑h 1 ,t͒ + c 2 ͓ẋ 1 ͑h 1 ,t͒ − ẋ 2 ͑h 2 ,t͔͒ + k 1 x 1 ͑h 1 ,t͒ + k 2 ͓x 1 ͑h 1 ,t͒ − x 2 ͑h 2 ,t͔͒ = f 1 ͑t͖͒ ͑5͒ and m 2 ẍ 2 ͑h 2 ,t͒ + c 2 ͓ẋ 2 ͑h 2 ,t͒ − ẋ 1 ͑h 1 ,t͔͒ + k 2 ͓x 2 ͑h 2 ,t͒ − x 1 ͑h 1 ,t͔͒ = f 2 ͑t͒
͑6͒
where ẍ 1 ͑h 1 , t͒, ẋ 1 ͑h 1 , t͒, x 1 ͑h 1 , t͒, and ẍ 2 ͑h 2 , t͒, ẋ 2 ͑h 2 , t͒, x 2 ͑h 2 , t͒ϭvertical, acceleration, velocity, and displacement for the masses "m 1 " and "m 2 ," respectively. The thickness of the ballast layer is "h 1 " and that of subgrade layer is "h 2 ." In matrix form, Eqs. ͑5͒ and ͑6͒ can be written as
The above system of equations can be solved by using Newmark's method ͑Bardella and Genna 2005͒. The solutions give the displacement and acceleration response for both the granular and the subgrade layer. It is, however, to be noted that in the present study, the relevant design parameters, including stiffness "k" and damping constant "c" are considered to be independent of the applied frequency of excitation. For the estimation of stiffness for both ballast and subgrade, the method described by Veletsos and Younan ͑1994͒ is adopted. In Fig. 2 , stiffness "k 1 " and "k 2 " of the springs in the model used have been calculated by the following equation:
where = Poisson's ratio; G = shear modulus; and h = depth of the particular layer. The equivalent damping coefficients of the dashpots "c 1 " and "c 2 " ͑Fig. 2͒ have been calculated by
where " " = mass density of the layer. For the excitation forces, f 2 ͑t͒ = force exerted by the tie on the ballast that is calculated by Eq. ͑4͒ and the force f 1 ͑t͒ is considered as zero. Fundamental circular natural frequency of the ballast and the subgrade has been calculated by
where V s = shear wave velocity for the medium and it is given by ͱ G / . 
Results and Discussions
In the present study for the Indian railway system ͑RDSO 2003͒, a parametric study for the variation of ballast and subgrade materials in terms of the displacement-time history under cyclic rail load has been computed using the above methodology. The geotechnical properties of the ballast and subgrade are listed in Table  1 . Eq. ͑7͒ has been solved by using MATLAB. Again, for the Indian railway system, the Young's modulus, moment of inertia, and track modulus of the rail are 2.07ϫ 10 11 N / m 2 , 3.99 ϫ 10 −5 m 4 , and 6.95ϫ 10 6 N / m 2 , respectively, as given by RDSO ͑2003͒. Figs. 3-6 , respectively, show the displacement-time history curves of the ballast and subgrade layers for dense uniform sand, loose uniform sand, stiff clay, and soft clay. For sands, both dense and loose ͑Figs. 3 and 4͒, it is observed that the trend for both the ballast and the subgrade layers is more or less uniform between 1 sec ͑which is the "initial time of reaction" of the soildenoted hereafter as "ITR"͒ and 6 sec ͑which is the "end time of reaction" of the soil-denoted hereafter as "ETR"͒. However, the displacement-time history of the ballast and subgrade layers for clays-both stiff and soft ͑Figs. 5 and 6͒ is not having a uniform trend between ITR and ETR. This nonuniformity for the case of clays may be attributed to the fact that clays have relatively lesser stiffness and due to other material behavior of clays. Table 2 shows the maximum values of displacements of both the ballast and subgrade layers for different types of soils considered in the present study. Among the different soils considered in the present study, the dense uniform sand is found to undergo the least amount of displacement, while the soft clay shows the maximum displacement under similar cyclic loading conditions, as expected. Fig. 7 shows the magnification factor ͑͒ versus frequency ratio ͑ / n ͒ curves for the different soils as a subgrade layer at resonance condition for the exciting frequency range of 0 to 25 Hz. As expected, when the exciting frequency is zero, no harmonic motion occurs, and a simple static gain exists. The maximum magnification factor for all the four types of subgrade soils considered in the analysis is found to be maximum when frequency ratio is close to unity, i.e., in the resonance condition.
Combined displacements of the ballast and subgrade layers obtained by the present study for train velocity of 70 km/ h and 200 km/ h are compared with those obtained by Takemiya and Bian ͑2005͒ as shown in Table 3 . It can be seen from Table 3 that the differences in results are within 10%, which can be attributed to the difference in methodology. The analytical results of Takemiya and Bian ͑2005͒ have been obtained by Fourier series and load is considered as longitudinally moving load, but in the present study, a simple 2-DOF mass-spring-dashpot system is considered and cyclic load is taken as transversally for a critical section of the railway track.
Conclusions
The behavior of the ballast and the subgrade layer subjected to a cyclic train load has been investigated in this paper. Using a simple 2-DOF mass-spring-dashpot system, the magnitude of displacement in different layers below the railway track could be computed using a dynamic approach. Comparisons of present results with those of Takemiya and Bian ͑2005͒ show a good agreement. Dense uniform sand settles comparatively less than the soft clay-the respective values are 3.1 and 9.1 mm, while the time interval between ITR and ETR is more for dense uniform sand. Since ETR for both soil types is the same ͑6 sec͒, a greater time interval between ITR and ETR means that the soil reaches a steady state condition in slightly less time; hence, it can be concluded that the steady state condition for the dense sand is achieved comparatively in less time than when being achieved for the clays. The displacement magnification factor for a subgrade layer at resonance condition for a frequency range of 0 to 25 Hz, for soft clays is higher ͑a value of 4.54͒ than that for the dense uniform sand ͑a value of 3.65͒ as expected. Among all the soils studied, dense uniform sand is found to be the most appropriate as a subgrade material under cyclic loading, because it undergoes the least displacement with minimum magnification factor compared to the other soil types. The proposed analytical model is relatively simple and user friendly for evaluating the response of the track foundation. It will also be very useful in the design process of the ballast and subgrade layers below railway track.
Notation
The following symbols are used in this technical note: c 1 ϭ damping coefficient of subgrade; c 2 ϭ damping coefficient of ballast; D ϭ train wheel diameter; E ϭ Young's modulus of elasticity; F͑x͒ ϭ force exerted by tie on ballast at a distance x from the wheel; G ϭ shear modulus; h 1 ϭ thickness of subgrade; h 2 ϭ thickness of ballast;
I ϭ moment of inertia; k ϭ track modulus; k 1 ϭ stiffness of subgrade; k 2 ϭ stiffness of ballast; m ϭ mass of the layers; m 1 ϭ mass of subgrade; m 2 ϭ mass of ballast; P ϭ wheel load; P sl ϭ static load; P dl ϭ dynamic load; p͑x͒ ϭ pressure distribution at a distance x from the wheel; S ϭ sleeper spacing; t ϭ time; V ϭ train speed; V s ϭ shear wave velocity; w͑x͒ ϭ vertical deflection at a distance x from the wheel; x 1 ͑h 1 , t͒ ϭ displacement of subgrade as a function of thickness and time; ẋ 1 ͑h 1 , t͒ ϭ velocity of subgrade as a function of thickness and time; ẍ 1 ͑h 1 , t͒ ϭ acceleration of subgrade as a function of thickness and time; x 2 ͑h 2 , t͒ ϭ displacement of ballast as a function of thickness and time; ẋ 2 ͑h 2 , t͒ ϭ velocity of ballast as a function of thickness and time; ẍ 2 ͑h 2 , t͒ ϭ acceleration of ballast as a function of thickness and time; ϭ magnification factor; ϭ Poisson's ratio; ϭ mass density; ϭ exciting frequency; and n ϭ natural frequency of the system.
